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ABSTRACT. Let N > 1, k > 2 even, and o denote a sign pattern for N. In this paper, we first

new

determine the exact proportion of forms in Si(N) and S;p°¥(N) with a given Atkin-Lehner sign
pattern o. Then we study the asymptotic behavior of the Hecke operators 7}, over the subspaces
of Si(N) and S;°¥(N) with Atkin-Lehner sign pattern o. In particular, for the p-adic Plancherel
measure fp, we show that the Hecke eigenvalues for T}, over these subspaces are p,-equidistributed
as N +k — oo.

1. INTRODUCTION

For N > 1 and k > 2 even, let Si(N) denote the space of cusp forms of weight k£ and modular
group I'o(V), and let Sp°V(N) C Si(N) denote its new subspace. For p"||N, let W,,- denote the
Atkin-Lehner involutions on these spaces, and recall that these W,,» can be extended multiplicatively
to W for all Q||N (i.e. QN where (Q,N/Q) =1).

Now, recall that the W involutions diagonalize Si(N) and SV (V) with eigenvalues £1. So, we
define the Atkin-Lehner sign pattern spaces by specifying these signs for all p”||N. To be precise,

define a sign pattern o for N to be a multiplicative function on the exact divisors of N such that
o(p") = +1 for all p"||N. Then we have the decomposition of Si(NN)

Se(N) =ED SZ(N), S7(N) :={f € Se(N): Wpr f = o(p")f for each p"||N}

(and similarly for Sp°V(NN)). Note that these sign pattern spaces S{ (V) are a finer decomposition
of the more well-known Fricke sign spaces S,:f(N ), which only specify the “global” sign (i.e. the
sign of the Fricke involution Wy ).

Now, a natural question one might ask is how all the possible sign patterns are distributed over
the spaces Si(N) and Sp°V(IN). For both global signs and local sign patterns, we determine the

exact proportion of signs / sign patterns appearing.

In the following theorem, 1 .yn4:iti0n denotes the indicator function for condition, and the notation
“A(N,k) ~ B(N) as N + k — oo” means that A(N,k)/B(N) — 1 as N+ k — oco. We also take
the convention that 0 ~ 0, because as discussed shortly, both sides of (1.4) are identically zero in

one particular case (see Theorem 1.2).
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Theorem 1.1. Consider N > 1 and k > 2 even. Then as N + k — oo, the proportion of cusp
forms with global sign +1 is given by

dimSH(N) 1 dyn-
_7k( )N,Jr N=1 (1.1)
dim Si(N) 2 2
dim S;ew’+(N) ~ 1 + lN:cubefree square H -1 (1 2)
dim SpeV(N) 2 2 ‘NpQ—p—l' ’
p

Also, consider sign patterns o for N. Then as N + k — oo, the proportion of cusp forms with sign

pattern o is given by

dim Sg(N) 1
dim Sp(V) ~ 22N (1.3)
dim SZEW’U (N) 1 o =2
dim SEGW(N) ~ 9w(N) i <1 + U(p )p2 o1 . (1'4)
p

We note that this theorem predicts an equal proportion of both signs (and more generally, all
sign patterns) in many cases. Over the full space, both signs (respectively, all sign patterns) will
have equal proportion in Si(NN) for all N > 2, by (1.1) and (1.3). Over the newspace, both global
signs (respectively, all sign patterns) will have equal proportion in SV (V) for squarefree N > 2,
by (1.2) and (1.4). This equiproportion property for the case of newspaces of squarefree level was

also shown by Iwaniec-Luo-Sarnak [9, Equation (2.73)] (respectively, Martin [11, Corollary 3.4]).

The paper [13] recently investigated small biases in global sign, and claimed that each global
sign would appear for 50% of newforms as N + k — oo [13, Section 1.3]. However, as one can see
from (1.2), this is not quite accurate; the global sign in SP°V (V) will actually be asymptotically
biased towards (—1)*(") whenever N is a cubefree square. One can see this bias numerically from

the data calculated in [18].

We would also like to point out that Martin [14] recently investigated small biases in the sign of
W, for a single fixed prime power p”, and observed a stronger bias at r = 2. Here, Theorem 1.1

quantifies this observation by establishing the exact proportion of each sign pattern.

Now, observe that the proportions (1.3) and (1.4) are always nonzero, except when 4||N with
o(4) = +1 over the newspace SV (V). For this reason, we define the notion of “admissible” sign
patterns, where all sign patterns are admissible except for the one case of 4||N with o(4) = +1
over the newspace. It is worth noting here that the admissible sign patterns ¢ all have proportion
within a factor of 3 of 1/ 2¢(N) " In other words, the admissible sign patterns are not too far off
from being equally proportioned. This “factor of 3” comes from the lower and upper bounds on
the [T n (1 + U(pr)ﬁﬁ> factor from (1.4) for admissible o:

1 ~1,—
0.71546 < [ (1- 55— ) < [] (1+006" )
pﬁ( p2—p—1> ( W =1

1
< 1+ ) < 2.67412. 1.5
( pP?P—p—1 (1.5)



It turns out that for inadmissible sign patterns o, there are no newforms at all with sign pattern
o. This is because Wy always has Atkin-Lehner sign —1 over SpV(N). This result was originally
shown by Atkin and Lehner in [2, Theorem 7]. We give an alternative proof here based on the trace

formula.

Theorem 1.2. Let N > 1 with 4|N. Then Wyf = —f for every f € Sp*(N).

Now, recall that the Hecke operators T,, for (m,N) = 1 commute with the Atkin-Lehner
involutions Wy [6, Proposition 13.2.6] (see [6] for the precise definition of these Hecke oper-
ators T,). This means that the Hecke operators preserve the sign pattern spaces S (IN) and
S (N). So for the admissible sign patterns o, we can then investigate how the Hecke eigen-
values over S7(N) and Sp°"?(N) are distributed. For m > 1, let 77, := m~(*~Y/2T,, denote
the normalized Hecke operators (over both S¢(N) and S;.“"?(N)). Then for a fixed prime p, let

p+1  (L—a?/4'?
pp(2) = — QU2 4 p 12)2 — 32
the eigenvalues of T}, (over both S7(N) and S.*"?(N)) are p,-equidistributed as N + k — oco.

dx denote the p-adic Plancherel measure. We will show that

Theorem 1.3. Fiz p prime. Consider N > 1 coprime to p, o sign patterns for N, and k > 2 even.
Then the Hecke eigenvalues of T;/)’S;g(N) are py-equidistributed as N + k — oo. In other words, for
any sequence {(Nj, ki, 0i) }i>1 with Nj+k; — oo, the collection of Hecke eigenvalues eigv(TMSZi(Ni))
is pp-equidistributed as i — co. Moreover, if we assume it is not the case that 4| N with o(4) = +1,

then the Hecke eigenvalues of T;|52cw,cr(N) are also p,-equidistributed as N + k — oo.

Note here that similar j,-equidistribution results have been shown before in different settings.
For example, Conrey-Duke-Farmer showed p,-equidistribution over Si(1) [7] and Serre showed fi,-
equidistribution over Si(N), SEV(N), and Si(N,x) [19]. More recently, the first author showed
pp-equidistribution over SpeV (N, x) for admissible characters x [17]. Theorem 1.3 can be interpreted
as strengthening Serre’s result over Si,(IV) and SV (IV), showing that ju,-equidistribution still holds
over the much finer sign pattern decompositions S¢(N) and 5.7 (N). In fact, this sign pattern
decomposition is, in some sense, the finest (natural) decomposition possible; the S, "7 () seem to
be the smallest subspaces of SV (V) that still respect the Hecke operators and Galois conjugation
[4, Section 5.

Lastly, in Section 6, we discuss several applications of Theorem 1.3, similar to those in [19,
§6]. The p,-equidistribution shown in Theorem 1.3 can be used to obtain information about the
Galois orbits of Hecke eigenvalues, or equivalently, about the coefficient fields Q(f) of newforms
fe S,?OW’U(N ). In particular, we show that the degrees of these coefficient fields are unbounded
as N — oo. This can be interpreted in terms of a weak form of the generalized Maeda conjecture.
We are also able to obtain information about the simple Q-factors of the Jacobian of the modular

curve Xo(IV). See Section 6 for precise details.

We now give an overview of the arguments used in this paper. In Section 2, we use a trace

formula from Skoruppa-Zagier [20] to estimate Tr T}, 0W over both Si(N) and SpeV(N). Then in
3



Section 3, we use the results of Section 2 to obtain a trace formula for 7] over the sign pattern
spaces. Next, in Section 4, we prove Theorems 1.1 and 1.2, computing the exact proportion of how
often each sign pattern can appear. Then, in Section 5, we use the Tr 7] estimates of Section 3 to
prove the p,-equidistribution of the Hecke eigenvalues over S¢(N) and S, “"?(N). In this section,
we use the same general strategy used by Serre [19]. Finally, in Section 6, we discuss applications
of Theorem 1.3.

2. TRACE FORMULA FOR T;,0Wg

For integers k > 2, let pg(t, m) denote the Lucas sequence of the first kind; i.e. pg(t,m) is the
282 coefficient in the power series expansion of (ma? —tx +1)~1. Note that in particular, we have

by Clayton et al. [5, Lemmas 2.2, 2.3] that

pr(t,m) = (k—1)m*=2/2 if 2 —am =0,
om(k—1)/2 (2.1)

—4am

Following Skoruppa-Zagier [20], we also define the following class numbers. For integers N > 1
and A <0, define Hy(A) via

Hy(A) = N/a?b

AJa?b?
a?b / H(|A/a?b?]) if a®b? | A,
(2.2)

0 otherwise,

where a?b := (N, A) with b squarefree, (*) denotes the Kronecker symbol, and H(-) denotes the
Hurwitz-Kronecker class number. Note that in the case of A =0, (%) =1land H(0) = 1—21, so that
Hy(0) = 3N

In the following, we use the notation Q|| N to mean Q|N and (Q, %) =1 and ¢ = [ to mean the

integer ¢ is a square. In addition, oo(N) = > 1, 01(N) = > N’, and B(N) is defined to be the
N'|N N'|N
greatest integer £ such that ¢2|N.

Proposition 2.1 (Skoruppa-Zagier [20], correction by Assaf [1]). For N > 1 coprime to m, Q|| N,

and k > 2 even, we have

Trs, (v) TyoWo = Z 1 (@%) sy (m, (Q, N')),
N'|N ’

N/N'squarefree

N
TTSEeW(N) T, oWg = Z « <N’) sz’N/(m, (Q,N")).
N'|N
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Here 1 denotes the Mobius function, a(N) is the nonzero multiplicative function defined on prime

POWETS VLG
-1 r=1o0r2
a(pf) =141 r=3
0 r >4,
and
Sk N(m’ )
1 5 2 /
2, (k—1)/2 c;gzs:pk (\/@,m) H%(S —4mQ) (2 3)
1 m\ k-1 m N m
ey 2 min (') (B@un + 5 (B (Q) " m> 24
m/|m
1
+ W]l]l\}*:QDUO(Q)Ul(m)a (2.5)
X=

with the summation over s ranging over all s € Z such that s*> < 4m@Q’, Q'|s, and ((&)2, %) 18

squarefree.

We then estimate the 327 N (m, Q) terms from this proposition. In the following, and throughout
the entire paper, we use big-O notation with respect to both N and k. Note that m here is a
fixed constant (so the big-O implied constants will depend on m). And @ is considered to be an
arbitrary exact divisor of N (so the big-O bounds will only be stated in terms of N and k, uniform
over arbitrary @ || N).

Lemma 2.2. Fizm > 1. Let N > 1 be coprime to m, Q||N, and k > 2 be even. Then
1,,—0k—1N 1/2
S 4+ O(NY%54(N)log N

where s;%N(m, Q) is as defined in Proposition 2.1.

S?c,N(TnH Q)

Proof. Note that 09(Q) < 0o(IN) = O(N¢) and o1(m) = O(1), so the third term (2.5) of 53 x(m, Q)
is O(N¢). Also note that since

(B@),m + %) < 2m, (B (g) ,m/ — ::,) < \/gs VN,

the second term (2.4) of s} y(m, Q) is of magnitude

1 k-1 2
WZHHH( m’) (2m)f< m) Zl_

/|m

Lastly, we consider the first term (2.3) of sj y(m, Q). In the double summation, denote A :=

5?2 —4m@Q’, and we break into two cases: when A < 0, and when A = 0.
5



When A < 0, we have by (2.1) that

< s )\ 3 omk=1)/2 9 (k=1)/2
Pk /7m = = 7
Ve \/52 ~ im| ViAl/Q

Using [8, Lemma 2.2], we can bound the Hurwitz-Kronecker class number by

vVD(log D + 2

H(D) < YPUosD+2)
T

So letting a?b = (%, A) we have

[Hy(8)] <

A/a?b?
a2b (]\T//a2b> H(|A/a2b?|)

a?b\/|A/a?b?| (log ‘ﬁ‘ + 2)

™

ay/|A[(log |A[ +2)

. .

Combining these,

(h-1)/2
o ( s m) HN(A)I < 2m av/|A|(log |A| + 2)
VA U
2mE=1/24./Q (log |A| + 2)
7T
< 2mF=D/2\/N (log(4mN) + 2)

T
= mFD20(NY210g N),

where the last inequality comes from the facts that a? < % < g and |A| <4m@Q’ < 4mN.

Now, note that in (2.3), the number of terms in the summation over Q'|Q is equal to 0p(Q) <
oo(N). Furthermore, in (2.3), the number of terms in the summation over s is < 4y/m/Q" =
O(1) since Q'|s and |s| < 2¢/m@’. Thus, the contribution of the A < 0 terms in s}, y(m, Q) is
O(N'/254(N)log N).

Finally, we consider the A = 0 terms, which will make up the main term of 327 N (m, Q). Recall
that (m, Q') = 1. Then note that A := s2—4m@Q’ = 0 implies that m = O and Q' = 0. Additionally,
(Q"?| 5% = 4mQ’ implies that Q' |4. Hence we must have Q' = 1 or 4. It is straightforward to
verify that the first case occurs precisely when m = 0 and 41 Q (for Q' =1, s = £2,/m); and the
second case occurs precisely when m = 0 and 4|Q (for Q" = 4, s = +4,/m). This means that in

all cases, the number of A = 0 terms appearing in 327 N (m, Q) is exactly 2 1,,—0.
And when A =0, we have by (2.1) and (2.2) that
s
i | —=,m) = (k—1)m*-2/2
()
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-1N
and H%(s2 —4mQ’) = H%(O) = 2q

Thus, extracting the A = 0 terms from sjaN(m, @), we obtain

1 !
‘%Mmm23§:p%j@mw@@—mw>

Q'1Q s2=4mQ’
Q'ls

_ M(,}W@Mﬂ) (0 = 1yml==2/2) (Izlg)

lpok-1N
ym 12 Q'

completing the proof. O

With this estimate of s}, 5 (m, @), we can then estimate Tr T}, oWq. In the following, we use the

notation [A] to denote that the term A only appears when condition is satisfied.

condition

Proposition 2.3. Fixm > 1. Let N > 1 be coprime to m, Q||N, and k > 2 be even. Then

1,,—0k—1
Trg, () ToWq = ﬁm 5 U(N)lg=1 + O(N'200(N)?log N),
T T _ Ln—ok -1 e 1/2 2]
rgnew () TpoWe = Jm 12 P*M(N)(Q) + O(N /Zoo(N)" log N),

where ¥, Y™V, and n are the nonzero multiplicative functions defined on prime powers via

www:ﬁo+;)

new . r\ ._ T _1_ i i
dj (p ) =P (1 p |:|:p2:|:|r22+ |:|:p3:|:|r23> 7

_ _]lr:2
p?—p-1
Note in particular that when N is squarefree, n(Q) = 1g=1.

n(p") :

Proof. Define the multiplicative function 0;(d) := %. Observe that pofjs is also multiplicative

since Op7(d1), 0pr(dg) are coprime whenever dj, dg are coprime.
To show the first desired identity, it suffices (by Lemma 2.2 and Proposition 2.1) to show that
Q ) N'
— (N) 1o 2.6
2 MQQNQ(@N) Wtoss 2

N'|N
N/N'squarefree

Observe that ]lN/N’ squarefree — /,LQ(N/N/), H (%) =4 ((N/NN{%) - :UOHN/Q(N/N,)a and
b%&’) = 0(N’). This means that

LHS of (2.6) = [[u? - potn/ql * 0Ql(IV)
7



= [T I#? - 1obnyq] = 00l (p7)

pTl|N
= I > 120" nobnso(v') ()
PN i=0
=11 (HQ(PT)+MOHN/Q(p) 9@(19’“_1))
pTI|IN
-1 PPt ifpt@Q
priinv (9 ifp|Q
=(N)lg=.

Note that here, the second-to-last equality comes from the facts that

0o (p*) = p' ifpfQ and  pofy/q(p) = Lo ipt@
1 ifplQ —1 if p|@.

Similarly, to show the second desired identity, it suffices (by Lemma 2.2 and Proposition 2.1) to
show that

N N’ new
]%VO‘ (N’) O.N) "~ PR (N)n(Q)- (2.7)
And here,
LHS of (2.7) = [a % 0g](N)

= [I lo6ol(0")

prIN
= I > et

pr||N i=0
=11 (962(107") — 00" ") = [0 )], 5, + [[QQ(pT_g)]]ng,)

PN

T {wne‘"(p?") ifptQ

pr||IN 1= ifp | Q

-1, N)=2
= wneW(N) H nez\]iv(
5 Y (r?)

= ¢P"(N)n(Q),

as desired. (]



3. TRACE FORMULA FOR 7], OVER THE SIGN PATTERN SPACES

In [11, Proposition 3.2], Martin derived a formula for dim S;“""?(N) in terms of the traces
Trgpew(nyWeq. Here, we prove a similar formula for Trge v )T, and Trgnewo( Ty, in terms of the
traces Trg, (nv)7;,0Wq and Trgnew nTmoWq, respectively.

We note that the identity (3.1) underlying this lemma can also be interpreted as a special case
of orthogonality for characters over a finite group. (The set of all exact divisors of NV forms a group

via the binary operation Q1 * Q3 := (Q%lgj)” And sign patterns for N make up the characters on

this group.)

Lemma 3.1. For N > 1,

1
TrS,Z(N)Tr/n = W Z O—(Q)T\I'Sk(N) T7/7’LOWQ7
QIIN
1
Trgnewe vy Ly, = o) > o (@) Trgpew () TroWa.
QIIN

Proof. We show this result just for the full space Si(NN), and the argument for the newspace
SPEY(N) is identical.

First, observe that

Y o@d@Q =[] D @@ =[] @+c@)d®))

QlIIN prIIN Qllp” prIN
= I1 2204r=rm) = 22V 1o (3.1)
prIIN
Then, proceeding by splitting Trg, ( N)TT’HOWQ into a sum of Tr s’ N) v, oW for all sign patterns
o' of N:
1
QIIN QHN
- / , /
a %Za(@)a ()T ger 3y T
1
- w(N) ,
= o 22 Voo Trgor oy T,
= Trgo ()T
as desired. ]

We can then estimate Trsg( N7, v and Trszew,a( N)T7ln by applying Proposition 2.3 to Lemma 3.1.

Corollary 3.2. Fiz m > 1. Then for N > 1 coprime to m and k > 2 even,

]]-m:D k—1 Q;Z)(N)
Jm 12 20

+ O(N'Y254(N)?log N), (3.2)

9

Trse () Ty, =



Ly k — 1 ¢pme%(N)

—1,-
Trszcw,o'(N) TT,TL = H (1 —|— U(pr)2> + O(N1/20'0(N)2 10g N)

pr|IN
(3.3)
Proof. Using Lemma 3.1 and then Proposition 2.3, we obtain
1
TrSIZ(N)TV/n = 2w(N) Z U(Q)Trsk(N)TTInOWQ
QIN
! Ln—gk—1 1/2 2
= Qe Z o(Q) Jm ?1/1(]\7)]1@:1 + O(N/“00(N)“log N)
QIN
lp—ok—1¢Y(N
= \/MD D ;ﬁug(Ng + O(N1/200(N)210gN),
TrSEGW’U(N)TT/n = Z U(Q)TTSEGW(N)TTInOWQ
QN
1 Iy—ok—1  Lew 12 )
= SuV) Z o(Q) NG Iz ¥ (N)n(Q) + O(NY25¢(N)*log N)
QIN

_ Lp—gk — 19"V (N) 11

1,
= 1 ™ <1+o(pr)1722>+O(N1/200(N)210gN),

PN -l

as desired. OJ

We point out here that the main term of (3.2) always grows faster than the error term
O(N'20¢(N)?log N) = O(N'/2%¢). Furthermore, the main term of (3.3) grows faster than the
error term, assuming it is not the case that 4||N with o(4) = 41 (because after excluding this one
particular case, the [Ty (1 + a(p’”)pE}”_ﬁ) factor in (3.3) is > 1/2 by (1.5)). In other words,

P
the main terms of this corollary grow faster than the corresponding error terms for all admissible

sign patterns o.

4. PROPORTION OF SIGN PATTERNS
In this section, we show Theorems 1.1 and 1.2.

Theorem 1.1. Consider N > 1 and k > 2 even. Then as N + k — oo, the proportion of cusp
forms with global sign +1 is given by

SN 1 Dy
dimSy(N) ~ 2 2
w -~ 1 + lN:cubefree square H -1
dim SV (N) 2 2 ‘Np2—p—1'
p

Moreover, consider sign patterns o for N. Then as N + k — oo, the proportion of cusp forms with
stgn pattern o is given by
dim S7(N) 1

dim Si(N) ~ 20()”
10
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dim S"°V7 (N) 1 R
g g~z 1 (1+ow s ) (+2)
p’V‘

Proof. First, substitute m = 1 and Q = 1 into Proposition 2.3 to obtain the dimensions of the

entire spaces:

dim Sy (N) = %@zj(m L O(NYH, (4.3)

k—1
dim Spe(N) = = =" (N) + O(N1/2+e)y, (4.4)

Now, for the first two claims, we use Proposition 2.3 at m = 1 and () = 1, N to obtain

_ 1
dim S, (N) = 3 (Trs,, () Wi + Trg, ()W)
k—1 14 1ny=1

=5 YWN)——

. new 1
dim Sk: 7+(]\7) = 5 <Trslr€Aew(N)W1 + TrslrcAew(N)WN>

E—=1 ew, xn1+n(N -
YRR OURES

_ k— 1¢new (N) 1+ I[Nzcubefree square H
12 2

Comparing these estimates with (4.3) and (4.4) then yields the desired result.

+ O(]\[l/QJrs)7

—1
pIN p2—p—1 +O(N1/2+E).

For the last two claims, we substitute m = 1 into Corollary 3.2 to obtain

e 1 k-1 1/24¢
dim S7(N) —W?WN)‘FO(N ),
dim 5277 (N) = - F = Lymew ) TT (14 007 522 ) + O(NV2+e),
k ow(N) 12 pP—p-1
prIIN
Comparing these estimates with (4.3) and (4.4) similarly yields the desired result. O

Recall that we defined the notion of admissible sign patterns, where all sign patterns are admis-
sible except for the case of 4| N with o(4) = +1 over the newspace. We introduced this definition

because the proportions (4.1) and (4.2) are always nonzero except in this one exceptional case.

In fact, it turns out that W, always has Atkin-Lehner sign —1 over Sp°V(N). This means that

for inadmissible sign patterns o, there are no forms at all in Sp*V(IN) with sign pattern o.

Theorem 1.2. Let N > 1 with 4|N. Then Wyf = —f for every f € Sp*(N).

Proof. 1t suffices to show that Tr mew ( MW+ Trs;gew( ~MWia = 0. Using Proposition 2.1, we compute

’I‘I.SIIC]CW(N) W1 + ’I‘I.SII(:]CW(N) W4

= Z a (%) [S;W,(l, (L,N) + sp (1, (4,N"))
N'|N
11



<]]\\;/> [SM( (1 N’))+s;€,N/(1,(4,N’))]

»\zM HZM

N'e{L,2LAL}

(J;] sir(1,1) + s, (1, 1)] <2]\£> {SQ’QL(l,l)Jrs;C’QL(LQ)]

> Skar(1,1) + sk ar (1, 4)]]

™ »\zM

) [ 253 1(1,1) = sp.97.(1,1) — 52,2L(172)+32,4L(1>1)+3k,4L(174)]

o=

(
S ()1

Now, we show that [*] = 0. Computing each of the terms appearing in [*]| (see (2.3)-(2.5) for the

L

w2

definition of s, ;) yields

)= [mo, 1) HL(~4) + 2p(1, 1) Hy (—3) + 2p(2, 1) HL.(0) + B(L) — 21%} |

Shon(1,1) = =5 [Pr(0. 1) Hop (~4) + 21, 1) Hop (=3) + 2p4(2, 1) Hon (0) + B(L)]

Shor(1,2) = — [pkw, 1) Hp(—4) + 2pr(1, 1) Hy,(—~3) + 2pr(2, 1) HL(0) + pi(0, 1) Hp ()
+2p(V2,1)H(—4) + B(L) — 41{52%],

Skan(l,1) = —% [Pk(oa 1) Hyp (—4) + 2pj(1, 1) Hyp (—3) + 2px(2, 1) Har, (0) + 2B(L) — 21{52%} :

Shar(l4) = — [m(l, 1) Hy(~3) + pi(0, ) HL(~8) + 2p(vV2, 1) Hp (~4) + pr(0, 1) Hp (~16)
+ 2p,(2,1)HL(0) + 2B(L) — 61 kZQ] .

L=0

Then grouping all the terms of [%] by the p(t, m) yields

[+] = %pk(o, 1) [3HL(—4) + Hop(—4) — Hap(—4) — HL(_16)]
+pr(1,1) _QHL(—?)) + Hap(—3) — H4L(_3)}

+ pr(2,1) 2HL( )+ Har(0) — Har(0 )}

w3 (3) 53
L) f[( )+ (z2) - (32)]

+a2 )5 [2L+2L 4L




as desired. OJ

5. Up-EQUIDISTRIBUTION OF HECKE EIGENVALUES

In this section, we prove Theorem 1.3. For a fixed prime p, let p, denote the p-adic Plancherel
p+1  (1—a2%/4)\/?
R (P12 + p1/2)2 — 42
admissible sign patterns o), we show that the Hecke eigenvalues for TZ’) are p,-equidistributed as

N+ k — oo

measure fi,(z) dz. Then over the spaces S7(N) and S, (N) (for

Theorem 1.3. Fiz p prime. Consider N > 1 coprime to p, o sign patterns for N, and k > 2 even.
Then the Hecke eigenvalues of TI§|SZ(N) are py,-equidistributed as N + k — oco. In other words, for
any sequence {(Nj, ki, 0;) }i>1 with N;+k; — oo, the collection of Hecke eigenvalues eigV(TMSZZ(Ni))
is pup-equidistributed as i — co. Moreover, if we assume it is not the case that 4| N with o(4) = +1,

then the Hecke eigenvalues of T;‘S,'C‘ew"’(N) are also p,-equidistributed as N + k — oo.

Proof. We just state the argument here for S;°"7(N), and an identical argument works for the full

space S7(N).
To show asymptotic p,-equidistribution of the Hecke eigenvalues, it suffices (e.g. by Kuipers-
Niederreiter [10, Theorem 1.1], Serre [19, Proposition 2]) to show that

2
m Z Xn(A\) — /_2 Xn(@x)pp(z) as N+k— oo (5.1)
A€eigv (T1/)|Szcw,o'(N))
for the Chebyshev polynomials X, (z) := U,(x/2) for n > 0, since they span the space of all
polynomials, which is a dense subspace of all continuous functions on [—2, 2].
The integral on the right hand side of (5.1) has value p~"/?1,, cven, by Serre [19, Equation (20)].
Additionally, it is well-known (see [19, Lemme 1], for example) that

p p
This means that
1
LHS of (5.1) = ———5 55— Xn(A
o ( ) d1m S;lew,a (N) Z n( )
)\Eeigv (Tll,lszew,a(N))
TI‘S;EW’U(N)Xn(TjI))

- Trszew,o(N)T{
Trgpevr ()T

— p_"/21ln even as N +k — oo,
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where for the last step, we used Corollary 3.2 at m = p™ and m = 1 (since o is an admissible sign

pattern). This verifies (5.1), completing the proof. O

6. APPLICATIONS

Here, we state some applications of Theorem 1.3 analogous to those in Serre [19, §6].

dlmS (N) of

S7(N) with respect to the Hecke operators T}, satisfying (m, N) = 1. For each m coprime to N, let

For each N > 1 and o admissible sign patterns for IV, choose an eigenbasis {f;},_

Tj,m denote the T, eigenvalue of f;. Then for each i, let K7 := Q({%m }(m,n)=1) denote the totally
real field generated by the z;,, (see Cohen-Strémberg [6, Corollary 10.3.7(c), Remark 10.6.3(b)]).
Then let s(N, k, o), be the number of ¢ such that [K7 : Q] = r (which is well-defined as the K7 are
independent of the eigenbasis chosen, up to permutation (cf. Serre, §6.1 [19])).

Similarly for S;°"7(N), we have the newform basis { fnew}dlms "™ and we define K Je
and s(N, k, o)V analogously. Then the following improves a result of Serre [19, Théoreme 5] (and

Binder [3, Corollary 10.0.5]), by extending to the sign pattern spaces.

Corollary 6.1. Fixz k > 2 even, p prime, and r > 1. Then for N coprime to p and o admissible
sign patterns for N,

s(N,k,o),

_— N

dim S{(N) -0 a5 ¥ 7 00
s(N, k,o)new
dim S (N) 0 s >

Proof. We show the proof only over the full space, as the proof over the newspace is identical. For
N coprime to p, let s(N, k, o, p), denote the number of indices ¢ such that [Q(z;,) : Q] < r. Note
that s(N, k,o,p), > s(N, k,0),, so it suffices to show

S(N7 k'} Uap)’l‘
dimS7(N)

as N — oo while (NN, p) = 1. Note that if = x;, satisfies [Q(z;,) : Q] < r, then x also satisfies:

(1) x is a totally real algebraic integer of degree < r;
(2) For 7 € Gal(Q/Q), the Galois conjugate z7 of = satisfies 27| < 2p(k=1/2,

Let A(p, k,r) be the set of all x satisfying conditions (1) and (2). Such a set must be finite, as the
characteristic polynomials of its elements x must have degree < r and bounded integer coefficients.
Let A’ C [—2,2] be the dilation of A(p, k,r) under the mapping x ]ﬁ. The set A’ is finite, so
it has p, measure 0, and it is independent of N and . Then since the % are jip-equidistributed

as N — oo by Theorem 1.3, the proportion of i such that (k L € A (and hence z; ), € A) tends

S(vavo-vp)T‘

amsz(v) 0

as N — oo, completing the proof. ]
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to 0 as N — oo (e.g. by Serre [19, Proposition 1]). This is equivalent to saying that



We note here that over the sign pattern newspaces S;°"7(N), we have K7 = Q(f;), where
dim 5.7 (N) new,o

it is the newform basis for dim S N). From this perspective, Corollary 6.1 can
i=1 k

be interpreted as a weak form of the Maeda Conjecture for general level.

Recall that the classical Maeda Conjecture states that degQ(f) = dim Si(1) (i.e. is max-
imum possible) for each normalized Hecke eigenform f € Si(1). For squarefree levels N, a
corresponding conjecture has also been stated for the newspaces. Since the Hecke operators re-
strict to the S;°"7(N); for newforms f € Sp°(N), the maximum possible degree of Q(f) is
dim SECW’Uf (N), where oy denotes the sign pattern for f. In particular, Tsaknias and Chow-Ghitza
posited a version of the Maeda Conjecture for squarefree level: that for newforms f € SV (IV),
degQ(f) = dim S;ew’gf(N) for sufficiently large weight & (see [21, Conjecture 2.4] and [4, Conjec-
ture 5.2]).

For general level N, however, the picture is not as clear. In this case, there seem to be plenty
of examples where deg Q(f) is not maximal. However, weaker forms of the Maeda Conjecture
have still been investigated. For example, Roberts conjectured that for any fixed weight & > 6,
deg Q(f) = 1 for only finitely many newforms f [16, Conjecture 1.1]. Later, Martin made the same
conjecture for arbitrary fixed degree r [12, Question 3]. Here, Corollary 6.1 can be interpreted as
a density 1 version of these conjectures. In particular, for any fixed » > 1, Corollary 6.1 shows
that the proportion of newforms f € S;°"7(N) with deg Q(f) < r tends to 0 as N — oo (along N
coprime to p).

We can also use Corollary 6.1 to obtain information about the largest degree of K¢ and K",

The following result follows immediately from Corollary 6.1.

Corollary 6.2 (cf. Serre, Théoréme 6 [19]). Fiz k > 2 even and p prime. Let r(N,k,o) be the
mazimum degree among the K{ associated with (N, k, o), where o is an admissible sign pattern for
N, and similarly define r(N,k,o)"V. Then for N coprime to p and o admissible sign patterns for
N,

r(N,k,0) — oo as N — oo,

r(N,k,o)"" — oo as N — oc.

Now, let Jy(N) denote the Jacobian of the modular curve Xy(N). Note that the Atkin-Lehner
involutions act naturally on Xo(N), and thus also act on Jy(N) by functoriality. Up to Q-isogeny,

we have the decomposition:
Jo(N) = [T J5 (V)
g

where Wg = o(Q) on JJ(N) for all Q||N. Now, each J§(N) can be decomposed into a product of

Q-simple factors:

JS(N) = HA;?.
15



Following the same argument as Serre (and Ribet [15]), we see that the number of factors A7

with dimension r is exactly %S(N ,2,0), for each r > 1. Now, Corollary 6.2 implies the following.

Corollary 6.3 (cf. Serre, Théoreme 7 [19]). Fiz p prime. Let r(N, o) be the largest dimension of
the simple Q-factors of J§(N), where o is an admissible sign pattern for N. Then for N coprime

to p and o admissible sign patterns for N,

r(N,o) — o0 as N — oc.
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