CRAMER o-RANDOM PRIMES AND THE FUNDAMENTAL THEOREM
OF ARITHMETIC

ERICK ROSS

ABSTRACT. Define the set of Cramér a-random primes, where N is chosen to be a Cramér
a-random prime with probability 1/log® N. At @ = 1, this is the classical set of Cramér ran-
dom primes, which model the actual primes. Now, the Fundamental Theorem of Arithmetic
states that every natural number can be written uniquely as a product of primes (allowing
multiplicity). In this paper, we investigate how close the Cramér a-random primes come to
satisfying this property. Along the way, we also prove an analog of the Hardy-Ramanujan

inequality for the classical Cramér random primes.

1. INTRODUCTION

The Prime Number Theorem states that the number of primes less than x grows like

1

—dt.
logt

#{p < x prime} ~ Li(z) := /;

From this asymptotic formula, it is natural to attempt to model the primes as a set of random
numbers, where N occurs with probability 1/log N. This is called the Cramér random prime
model, and it turns out to do a relatively good job of predicting many different statistical

properties of the primes (with, of course, several notable exceptions [11], [14]).

Now, in some sense, the defining characteristic of the actual primes is the Fundamental
Theorem of Arithmetic: that every natural number can be written uniquely as a product
of primes. So a natural question to ask is how close the Cramér random primes come to
satisfying this property. More generally, we will consider this question for the Cramér a-

random primes, where NN is chosen as a Cramér a-random prime with probability 1/log™ N.

To be precise, fix a > 0 and define the independent Bernoulli random variables £y, where

0 if N=1
Py =1]=v(N):=<¢1 if N =2
1/log® N if N > 3.
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Then the set of Cramér a-random primes is defined to be A, := {N > 1| &y = 1}. In
Sections 2 - 5, we will compute how close the Cramef a-random primes come to satisfying
the Fundamental Theorem of Arithmetic. Specifically, we prove the following bounds on how
many Cramér-factorizations (i.e. factorizations of N into Cramér a-random primes) one can

expect the natural numbers to have.

Theorem 1.1. Let b(N) denote the expected number of Cramér-factorizations of N. Then
the average value of b(N) is

Q(log” x)  for arbitrarily large T ifa <1
é Z b(N) = < Q((loglogz)T /logx) for arbitrarily large T if a = 1
= O(1/1og® x) if a > 1.
Moreover, for o = 1, the average value of b(N) over squarefree N is
%lx Ng b(N) = O(1) fora=1.
squarefree

Here, the Bachmann-Landau notation f(z) = Q(g(x)) means that there exist constants
C,zg > 0 such that f(z) > Cg(x) for all > zy. In other words, big-{2 notation denotes a

lower bound, just like big-O notation denotes an upper bound.

We would like to point out that these bounds are all effective. For example, in the last
case of this theorem at o = 1, we compute explicitly that the average value of b(N) over
squarefree N is < 72e3/3. We also note that in order to show the last case of the theorem,

we prove an analog of the Hardy-Ramanujan inequality for Cramér random primes.

In Section 6, we also address an alternative way to interpret how close the Cramér a-
random primes come to satisfying the Fundamental Theorem of Arithmetic. In particular, we
investigate how many natural numbers can be written as a product of Cramér random primes.
Let mult(A,) denote the set of such natural numbers (i.e. mult(A,) is the multiplicative

closure of A,). Then we show the following result.

Theorem 1.2. Let A, denote the set of Cramér a-random primes. Then with probability 1,
mult(A,) has asymptotic density

0 of a>1
p(muli(A,)) = { )

1 if a< %logZ.

Finally, we discuss our results in Section 7. We take note of some related problems
that have been investigated before. And we also state two conjectures: one regarding the
asymptotic density of mult(A,) for $log2 < o < 1, and one regarding the logarithmic

density of multiplicatively closed sets.
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2. A LOWER BOUND WHEN « < 1

Fix a < 1. In this section, we then show that

- Z b(N) = Q(log" z) for arbitrarily large T.
N<x

Here, and throughout the rest of the paper, we will use the terminology “factorizations” to
refer to Cramér-factorizations. And we will use the terminology “k-factorizations” to refer to
ordered factorizations of length k. Let b,(N) denote the expected number of k-factorizations
of N, and let Bi(z) := >y, bi(N).

Then By (x) satisfies the following recurrence relation. For any k-factorization < x, we

can condition on the first element d in the k-factorization. This means that

ZIP &y = 1] - E[#{(k — 1)-factorizations < z/d} | & = 1]

d<z

> Z]P &4 = 1] - E[#{(k — 1)-factorizations < x/d}]
d<z

= v(d)Bi_i(z/d). (2.1)
d<z

Using this recurrence relation, we compute the following bounds on By/(z).

Lemma 2.1. Fiz a < 1, and write o« = 1 —e. Then for all k > 1, By(z) = Q(xlog ' ).

Proof. We proceed by induction on k. The base case of k = 1 is immediate:
1 1
)= b(N) =) v(N)> > —=—>(1—3)—— = Qzlog™ " x).
N<z N<zx 3<N<zx 1Og N log x

For the inductive step, assume that Bj_;(z) = Q(zlog '** 2). So there exist C, 2o > 0 such
that By_i(x) > Cx log "% x for all z > . Then by the recursive formula,

x) > Zy(d)Bk_l(x/d)

d<zx

> Y v(d)Bia(x/d)

3<d<z/xzo

1 —14+(k—1)e
> 3 o€ ) log T wd)
3<d<z/xzo

log*=2¢ 2 /d
=C Z d((logz —logd)logd)'~
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Cx Z log*=2¢ 2 /d

= (Llog? x)t—= d
4 g 3<d<z/xzg

1 (k—Z)E d
> 417 Crlog ?t* (2) Z w for sufficiently large x

3<d<\/z

1
> 415 Crlog (@) log™ 5 (va) 3~

3<d<v/z
l1—e

> S Calog™ () (log N g)

= Q(xlog " ),
as desired. n

Now, we can easily show the desired result. For any given T" > 1, choose k large enough
that —1 + ke > T'. Also, note that there are at most k! ways to rearrange a k-factorization

of N, which means that b(N) > k,bk(N). Thus by Lemma 2.1,

1 T
) 2 3 ) = L0 = ),
N<zx N<w
proving the first case of Theorem 1.1.

We note here that it is tempting to use Lemma 2.1 to bound b(/N) by all the k, instead of

just one particular value of k. Specifically, it is tempting to argue something like

LD LIRS B) PETHIG R PEVN IR SEITEIt

N<z N<a: k>1 : k>1 k>1

_q exp(log®z) — 1 _q x° ‘
log x log x

However, this argument does not work because in our proof of Lemma 2.1, the By(xz) =

Q(zlog™" ™ z) bound is not uniform in k (in particular, the implied constant x, grows
double-exponentially in k). In fact, it is not even true that By (x) = Q(z log™ """ x) uniformly

—1+ke

in k; for any fixed xg, z¢log xo is unbounded in k, whereas By(zg) = 0 for sufficiently

large k.
3. A LOWER BOUND WHEN « = 1
Fix a = 1. In this section, we then show that

- Z b(N) = Q((loglogz)” /logz) for arbitrarily large T.
N<$
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We will use the same recurrence relation as in the previous section:

>Z Bk 1$/d

d<z

We can then compute the following bounds on By(x).
Lemma 3.1. Fiz o = 1. Then for all k > 1, By(z) = Q(x (loglog x)k~1/log x).

Proof. We proceed by induction on k. The base case of k£ = 1 is immediate:

-3 x
) NXS; 1(N) Nz<:$ 3<%:< logN log:p (]ng)

For the inductive step, assume that Bj_(x) = Q(x(loglogz)*2/logz). So there exist
C, o > 0 such that By_(x) > Cz(loglogz)k~2/logx for all z > xo. Then by the recursive

formula,

d<z
Z 1 C(x/d)(loglogx/d)*?
i log d logz/d
log1 d)F2
> Cx Z (loglog z/d) for sufficiently large x
dlog d(log x — log d)
3<d<\z
1
> Cz(loglog vz )~ Z
s dlogd(logx — logd)
Cx(loglog /z)*2 1
- log x s<de oz d IOg d
k—9
> Cz(loglog /) / ! dt since ¢ — ! is decreasing
log z 3 tlogt tlogt
log1 k=2
Cx( Ogl (;g V) (loglog v/z — loglog 3)
ogx

= Q(z(loglog )"/ log z),
as desired.

O

Now, for any given T' > 1, choose k large enough that £k —1 > T. Then by Lemma 3.1,

- Z b(N) > = Ebk(N) - —EBk(N) = Q((loglogz)" /log x),

N<:p N<z

proving the second case of Theorem 1.1.



4. AN UPPER BOUND WHEN « = 1

Fix a = 1. In this section, we then show that

Z b(N) =0(1) for a = 1.

N<z
squarefree

Let By(z) == > ncp sqe. 0k(N). Then similarly to (2.1), we have the following recurrence
relation for B (x):

Z v(d) E[#{sqfr. (k — 1)-factorizations < z/d, coprime to d} | &; = 1]

d<z

= Z v(d) E[#{sqfr. (k — 1)-factorizations < z/d, coprime to d}]
d<z

< Z (d)By_1(z/d).
d<z

Note we are restricting to squarefree N in this section because the corresponding recurrence

relation becomes an upper bound (as opposed to the lower bound of (2.1)).

With this recurrence relation, we can then show the following bounds on Bj (). Note
that this result is an analog of the Hardy-Ramanujan inequality for the Cramér random
primes [12, 15]. Here, we have an extra factor of k! appearing (compared to the classical

Hardy-Ramanujan inequality) just because we are considering ordered factorizations.
Lemma 4.1. Fixva = 1. Then for allz > 3 and k > 1, B, (z) < 2kz(3+loglogz)*~!/log z.

Proof. We proceed by induction on k. The base case of k£ = 1 is immediate;

1 2x
Bi(z) = =1 dt <
1(7) Z * Z logd - /2 logt  — logx’

d<z 3<d<z

as desired.

For the inductive step, take k > 2 and assume that B}, (x) < 2(k—1)z(3+loglogz)*~2/log x
for all x > 3. Then

<Z d)By,_,(z/d)

d<x

= Bl(e/2) + @B,zl(x/:s) + 3 v B (/)

<2B () + Y v(d)Bi_(z/d)+ Y v(d)Bi_,(x/d)

4<d<z/3 x/3<d<z



In each of the terms in the final summation, d > x/3 implies that v(d) < 2/logz, and
B;_;(x/d) < 1. Thus this final summation is < 2x/logz. This yields

2x
log =

By(x) < 2By (x) + > vd)Biy(x/d)

4<d<z/3

2(k—1 logl k=2 1 2(k—-1 logl k=2
< g2k = Da(3 + loglogz)™ = 3 (k —1)(z/d)(3 + loglog x/d)
log x log d logz/d

4<d<z/3

k=2 k-2
=2k — 1)z 3(3"‘10%105-’;@ n Z (3 + loglog x/d)

4.1
log x d logd logz/d (41)

4<d<z/3

Now, observe that

t—tlogx/t is increasing over (1,x/e)

(3 + loglog x /t)*—2

h t—
enee t logt logx/t

is decreasing over (1,x/e).

This means that the above summation can be bounded by the integral:

Z (3 + loglog z/d)*2
d logd logz/d

4<d<z/3

< /I/g (3 + loglog x/t)*=2

/s t logt logx/t

B /logz/3 (3 + log(logx — u))*2
1

og3 u(logz — u)

du

1 /loga’/3 (3 + log(logz — u))*—2 N (3 +log(logx — u))k—2 du]
~ logzx

log 3 u logxr —u

A

1 log z/3 1 log z/3 3 1 k—2
(3 + loglog x)*2 / —du + / B+ logu)™™” du
1

N log x log 3 u og3 U

A
—

3+ logl k=1
< (3 + loglog z)*?loglog = + (8 +loglog )
log x k—1

i k2
_ (3+loglog ) {log logz + (3 —i-kl;o_g llog J:)] .

log
Substituting this bound into (4.1) yields

2(k — 1)z(3 + log log x)*~2
log =

2(k — 1)z(3 + loglog z)*1 1
log k—1

By(x)

3+ logl
[3+1oglogx+w]

k—1
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_ 2kx(3 4 loglog x)*~!
N log
as desired. [l

9

We can then use this lemma to show that the average value of b(N) over squarefree N
is O(1). Since N is squarefree, any factorization of N will have no repeated factors, so
b(N)=> 7", bk(N)/k;!. This then means that

D DR
N<z ﬁ N<z k=1
squarefree squarefree

IN

1 i 2kz(3 + loglog z)*~!
k!log

m Z (3 + loglog x)k~1
k1)

= exp(3 + log log x)

as desired.

5. AN UPPER BOUND WHEN «a > 1

Fix a > 1. In this section, we then show that

— Z b(N) =0(1/log™ x)
N<m
We would again like to use a recursive formula to obtain this result. However, the recursive
relation (2.1) for By(x) has its inequality in the wrong direction. So rather than inducting

on the length of a factorization k, we will instead induct on the size of the factors.

Let b,,(N) denote the expected number of (unordered) factorizations of N, using only
factors that are < m. Also, let B,,(z) := >y, bm(N). For any factorization < z, we can
condition on the largest factor d (say, with mu_ltiplicity j). This then yields the recurrence
relation

B, (z) = Z v(d) Z Byi(z/d)

d<m j>1
dI<z

8



Using this recurrence relation, we compute the following bounds on B,,(z). Note that the

constants T', then x(, then C' are chosen to satisfy a list of constraints. We write out each of

these constraints explicitly to make it clear why they can all be achieved simultaneously.

Lemma 5.1. Fix o > 1. Choose T, then xq, then C' large enough such that:

o 1 1
T > 3, / —du < ,
log(T—1) u® 5.2

1

PP
dZleogd D -

2a; (7))

( 1

zo > T?, Zo > @—1—1, (20 4 4) loglog g < = log o,

T—1—T 5

- T-3 (*0)
\glogax > (T'—2)logy(z) (logy(x) +1)" 7 Va > xo;
(

C Z 1, Cf 1 VI > 17

log® x
=S S () | : o
5log” x log® T~ log®+\/x
Cx
B 1< <

L Tog®z = ! () V1<az <

Then for each m € N, B,,(z) < Cz/log®z for all x > 1. (Here, the right hand side can be

interpreted as co at x =1.)

Proof. We proceed by strong induction on m. The base case of m = 1 is immediate: B;(z) =

1 for all x > 1, which satisfies the desired bound by (xC').

For the inductive step, assume that B, (z) < Cz/log®x for each m’ < m — 1. By (xC),
we have that B,,(x) < Blgj(xz) < Cx/log”x for all 1 < 2 < xy. So assume that x > x.

Then by the recursive formula,

By (z) =Y v(d) > Byi(z/d).

d<m §>1
&<z

We will break this summation over d, j into five parts:

and show that each part is < :Cx/log® z.
9



First, consider

(part 1) = Y w(d) Y Baa(a/d).

2<d<T—1 j>1
d<m di <z

Note that each By_i(z/d’) term in this summation is < Br_s(x). And Br_s(x) counts the
expected number of factorizations < x using only the factors {2,...,7 — 2}. To obtain a
product < x, each of these T' — 3 factors could be used at most log,(z) times. Thus the
total number of products that could be formed is < (log,(x) + 1)7=3. Hence By_;(z/d?) <
Br_s(x) < (logy(z) +1)773, and so

(part 1) = Y v(d) Y Bui(x/d)

2<d<T—1 j>1
d<m i<z
< > wv(d)) (logy(w) + 1)
2<d<T—1 j>1
d<m di<zx
< > v(d)log,(x)(log,y(x) + 1)
2<d<T—1
d<m
< (T — 2) logy(2)(logy(z) +1)"
1 Cz
< —
<o by G ()

as desired.

Second, we have

(part 2) = Z v(d) Z By (z/d)

d>T j>1
d<m z/T<d/ <z
< Z v(d)Ba-1(T) (at most one inner term since d > T)
T<d<z
1
< Bp(T
< Br(T) Z log™ d
T<d<
= Br(T) Z ! + Z . using (*z¢)
log™ d log™ d
T<d<\/z VE<d<a

as desired.
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Third, consider

(part 3) = Y v(d)Bgs(x/d)

T<d<z/T
d<m
= Z 1 1°‘d10(ax/dzl
T<d<z/T 08 08 ZE/
d<m

1

< .
<Ce ), d log® d log® z/d

T<d<z/T
Observe that
u— e u(logz — u)
hence t — tY*logt(logx — logt)

hence t—

tlog™ tlog® z/t
This means that

1
(part 8) <Oz > log® d log® z/d

T<d<z/T

z/T+1 1
<co | ——
r—1 tlog®tlog®x/t

z/(T—1) 1
<C b
- x/T_l tlog® tlog™ x/t y (x20)
log(x/(T—1)) 1
= C:L“/ du
log(T—1) u (IOgZL‘ - u)a
Cr log(z/(T-1)) /4 1 o
= « / (_ + —) du
log™ & Jiog(r-1) u  logzr —u
Cy 20 [logl@/(T-1) q 1
< —— — du
log®z 2 Jiog(r—1) u®  (logx — u)®
C log(z/(T—-1)) |
= f 20‘/ —du
log Z log(T—1) u®
1 C
<o by (47)
5log™ x

as desired.
11

is unimodal up over (0, log )

is unimodal up over (1,x)

is unimodal down over (1, ).

by Jensen’s Inequality



Fourth, consider

(part 4) = Z v(d) Z By1(z/d)

a>T j>2
d<m dI<z/T, d?~1>52log®

= ) > v(d)By_1(x/d’)

2<j<logy(z/T)  T<d<(z/T)'/7
d<m, d9=1>j2log® x

S0y )

(0} (07 ]

2<j<logz T<d<(x/T) /I log™ d log x/d
d7—1>421log™ x

1
= 2 Cx 3 &7 log® d log® z/di

2<j<logx T<d<(z/T)"/7
d7=1>52 log® x

Then using the facts that log® x/d’ > log®T > 1 and d’~! > 5% log” z,

1

2<]<logx ngg(z/T)l/j
d7=1>52log® z

1
= Z Ca Z d j?log® x log®d

2<j<logz T<d<(x/T)'/3
di=1>52log® x

IN

Czx 1 1
< - -
- Z log® x 52 Z d log™ d
2<j<logz a>T
Cx 11
< — b T
2<j<logz
1 Cz
< - )
~ Slogx

as desired.
Fifth, by an identical argument as in (5.1), we have

1
(part 5) < > Cx Y di log® d log® x/di”

2<j<logz T<d<(z/T)"/7
d7—1<52log® x

Note that since '~ < j2log® z, we have
jlogd < 2(j — 1)logd < 2log(j*log® x) < 2log((log z)? log® x)
1
< (2a+4)loglogx < §logx, by (xx¢)

log® x
20

, 1 o
so log®z/d = (logx — jlogd)* > <§logx) =
12



Plugging this bound into (5.2) then yields

1
art 5) 5 2a E _—
(p ~dJ log™d
2<]<logx ngg(x/T)l/J
dj71<j2 log® x

20(
= Z Ti=11og” xzdlog d

2<j<logx
1 1 Cx
< — — by (T
- Z Ti=15log™ x v (<)
2<j<logz
1 Cx
< - )
~ 5log”x
completing the proof. 0

This lemma immediately yields the desired bound:
1 1 o
o D b(N) = —Blay(2) = O(1/log" z),
N<z

proving the third case of Theorem 1.1.

6. ASYMPTOTIC DENSITY OF mult(A4,)

Recall that mult(A,) denotes the set of all natural numbers which can be written as
products of Cramér a-random primes. We then show the following result on the asymptotic
density of mult(A,).

Theorem 1.2. Let A, denote the set of Cramér a-random primes. Then with probability 1,

mult(A,) has asymptotic density
0 if a>1
plmit(A) =4
I if a<j;log2.

Proof. The first half of this theorem follows directly from Theorem 1.1. In particular, The-
orem 1.1 implies that the expected asymptotic density of mult(A,) is 0:

Elp(mult(A,))] = E

lim — Z :H-NEmult(A )

T—00 I
<z

1
= lim — Z E []]-NEmult(Aa)]

T—00 I
N<z

.1
< Jim 7 2 M)

=0 when o > 1,
13



which yields the desired result.

For the second half of the theorem, we use a probability argument. In particular, for a
density 1 set of N, we show that P[N ¢ A,A,] tends to 0 as N — oo. This is sufficient to

show the desired result since then,

1 .1
E[p(AaAs)] = Jim = > E[Lvea,a.) = lim — > PN € Audo] =1,
N<zx N<zx
which means that p(A,A,) = 1 (and hence p(mult(A,)) = 1) with probability 1.
The probability that N ¢ A, A, is given by

P[N ¢ AyA,] =Pld ¢ A, or NJd ¢ A, Vd|N]
Pld¢ A, or N/d¢ A, Vd|N, 3<d<+N]
[] Pld¢ Asor N/d ¢ A,

d|N,
3<d<v/N

B H (1_ 1 1 )
N log® dlog® N/d
3<d<vN

1 |
so —logP[N ¢ AqAd] > ) —log (1 " Tog® dlo ”‘N/d)
e g” dlog

3<d<vN

IN

1 1
>
- d|ZN log® dlog® N/d
3<d<VN

4 (07
> Y (o)
i log® N
3<d<vV'N

U (500(N) —3)
- log?™ N '

1
2

order of log oy(N) is (log2) loglog N [13, Theorem 432]. So in particular, for a density 1 set
of N, we have oo(N) > log'*®? ¢ N and so

Now, for a < = log2, choose ¢ > 0 such that 2a < log2 —¢. It is well-known that the normal

42 (Llog'®* = N — 3)
log** N

—logP[N ¢ A A, > — 00,

which means that P[N ¢ A,A,] — 0, as desired. O
14



7. DISCUSSION

In this section, we discuss our results. First, we would like to point out a (non-probabilistic)
related problem has been investigated before. Define the Beurling generalized primes to be
a multiset & of real numbers 0 < p; < py < .... Then the Beurling generalized integers
are defined to be the multiset .4” of real numbers of the form py'p5?--- for a; € Ny. In the
past, several works have investigated how the behavior of these Beurling generalized integers
compares to that of the classical integers. Specifically, [7, Theorem 2| shows that if, for
example, #{f € & : <z} = @ + O<10g+5m) (i.e. the Beurling generalized primes grow
like the actual primes) then #{8 € A : f < x} = cx + o(x) for some constant ¢ > 0 (i.e.
the Beurling generalized numbers grow like a sequence of natural numbers with a nonzero

density).

One critical difference between the Beurling generalized integers and mult(A,) studied in
this paper is that the Beurling generalized integers are counted with multiplicity. In some
sense, the fundamental difficulty in our setting is accounting for natural numbers that can
be written as a product of Cramér a-random primes in multiple ways. If one did not have
to account for multiplicity (i.e. if one instead considered mult(A,) to be a multiset), the

results of this paper could be made stronger.

Next, we make the following conjecture on the asymptotic density of mult(A,). Only the

cases of %logQ < a < 1 remain to be proven.

Conjecture 7.1. Let A, denote the set of Cramér a-random primes. Then with probability
1, mult(A,) has asymptotic density

0 iof a>1

plnult(A,)) = {1 if a<1

We suspect that the case of @ = 1 in Conjecture 7.1 will be a much more difficult problem
than the case of %logQ <a<l

For a < 1, Theorem 1.1 shows that the average number of Cramér-factorizations of N
tends to infinity rather quickly. But this in itself is not enough to show that mult(A,) has
asymptotic density 1. This conclusion does seems likely to be true, however. Additionally,
note that for the case of & < 3log2 in Theorem 1.2, we only utilized a bound on p(AaAq)
(i.e. only considering length 2 factorizations). This is a very crude estimate of p(mult(A,)),

and we suspect that more accurate estimates would yield the desired result for all o < 1.

For @« = 1, on the other hand, the problem of determining the behavior of mult(A;)
remains wide open. Recall that every natural number has exactly one prime-factorization.

So since A; is distributed like the primes, one would expect that the average number of
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Cramér factorizations of the natural numbers should also be roughly 1. This means that
if any natural numbers have multiple Cramér factorizations, other natural numbers would
be forced to have zero Cramér factorizations. For this reason, we guessed in Conjecture 7.1
that mult(A;) should have asymptotic density 0. However, this guess is mainly just based
on intuition, and it is quite possible that the asymptotic density is positive with non-zero
probability. In this case, it would also be an interesting problem to compute the expected

asymptotic density of mult(A4;) (assuming it exists).

Finally, we take note of one technicality in the above problem. In Theorem 1.2, we proved
that for various a, mult(A,) will have a particular density with probability 1. Surprisingly,

however, a given multiplicatively closed set is not guaranteed to have a density.

In 1934, Chowla conjectured that any set B C N which is closed under multiplication by
the natural numbers would have a density [4]. This conjecture turns out to not be true,
however; Besicovitch provided a counterexample the next year [3]. We repeat the argument
of Besicovitch here (modified slightly to our context of multiplicatively closed sets instead
of sets closed under multiplication by the natural numbers) to construct a set A C N such

that mult(A) does not have a density.

Proposition 7.2. There ezists a set A C N such that mult(A) does not have a density.

Proof. For any set B C N, let p(B,z) := 2 #{N <z : N € B}. (So that the lower density
of B is p(B) := liminf, ., p(B, ), the upper density of B is p(B) := limsup,_,, p(B,z),
and the density of B is p(B) := lim,_, p(B, ) assuming the limit exists.)

Then for k > 1, let Ry denote the range of integers [2F,2**1) and let NR; denote the set
of all multiples of elements of Rj;. Besicovitch showed in [3, Theorem 1] that the p(NRy)
all exist, and that liminf p(NR;) = 0. Then observe that 1yeng, is 28T |-periodic (i.e.
N € NRy, if and only if N + 2811 € NRy). Hence setting py, := p(NRy, 28+11), we have that
p(NRy, z) = py, for each x a multiple of 281!, Note this also implies that p, = p(NRy).

Now, choose indices k1 < ky < k3 < ... large enough such that

1

pk1 S g
1

Phy < 0 and 2F2 > okitl
1

Dis < 32 and 2M > k2l

Then let A := Ry, U Ry, U. .., and we will show that mult(A) does not have a density.
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For i > 1, consider x; = 2%+l Since Ry, = [2% 2%*1) C mult(A), we have that
p(mult(A),z;) > L for all i and so p(mult(4)) > 1.
x; = 211 Note that

v

Alternatively, for ¢ > 1, consider

mult(A) = mult(Rg, U Rg, U . ..)
C N(Rg, URg, U...)
=NRy, UNRy, U...,
so p(mult(A), z;) < p(NRy,, x;) + p(NRy,, z;) + ...

Now, for all j > i + 1, we have 2% > z;, so p(NRy,, ;) = 0 And for all j <4, we have that
x; is a multiple of 287! so p(NRy,, ;) = pi,. This means that

p(mult(A), CIZZ) < p(NRkNQ?i) + p(NRk27 xl) +...

=Dkt T DK

< 1 1

=8 +ot 9i+2
1

< =

— 4

for all i and so p(mult(4)) < 1.
Thus p(mult(A)) < p(mult(A)), and so mult(A) does not have a density. O

Although sets closed under multiplication by natural numbers will not necessarily have an

asymptotic density, it turns out that they are guaranteed have a logarithmic density:

: 1 1
Plog(B) == lim Z 5

This result is known as the Davenport-Erdés theorem, proven in [5, 6] (and see also related
work in [8, 9, 2, 1, 10]).
However, this still leave wide open the question of whether or not multiplicatively closed

sets have a logarithmic density. We propose the following generalization of the Davenport-

Erdds theorem.

Conjecture 7.3. Every multiplicatively closed set B C N has a logarithmic density.
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